This paper focuses on assessing the financial position of an insurer issuing a portfolio of Variable Annuities (VAs). Two multivariate models for the underlying and the interest rate are considered. The first model uses a single total rate of return for the basket of assets. The second one, jointly models the rates of return on the n assets in the basket. For simplicity, the insurer is assumed to be able to implement a static hedging programme to manage the risk. As an example, a homogeneous portfolio of VAs with GMDB and GMMB guarantees offering different investment opportunities to the policyholders is studied. The insurer can choose to rebalance the basket of assets regularly or not. Results for these two cases are presented.
of the account value and the guaranteed amount.
The major types of VA guarantees are: Guaranteed Minimum Death Benefits (GMDBs) that guarantee a return of the principal invested upon the death of the policyholder; Guaranteed Minimum Accumulation Benefits (GMABs) where the guarantees typically bite on specified policy anniversaries or between specified dates if the policy is still in force. If guarantees are available at maturity they are called Guaranteed Minimum Maturity Benefits (GMMBs); Guaranteed Income Benefits (GMIBs) guarantee a minimum income stream (typically in the form of a life annuity) from a specified future point in time; Guaranteed Minimum Withdrawal Benefits (GMWBs) guarantee a minimum income stream through regular withdrawals from the account.
A detailed overview of variable annuities and a description of the VA international market are given in [1] and [2] . The main emphasis of the current literature is on pricing and hedging the options embedded in these life insurance contracts. A general framework in which any design of options and guarantees currently offered within VAs can be modeled, is presented in [3] . In the recent literature we find some interesting contributions on identification and assessment of risk. Among others, [4] deals with risk assessment, mostly via stochastic simulation. Their main contribution is to present an integrated approach to risks in VA products. Analytical methods for the calculation of risk measures for variable annuities guaranteed benefits and a quantitative model for market risk on the liability side and revenue risk in the asset side, are proposed in [5] .
The insurer will be holding the liability for the VAs guarantee until lapse, death or maturity. The impact of both mortality risks (due to random fluctuations in the number of deaths) and investment risks can be rather high in the presence of some types of guarantees and options. The resulting economic impact to the insurer selling the guarantee is based on how the future real world scenario plays out. Given these considerations, it may be useful for an insurer to assess real world risk associated with embedded guarantees of its VA portfolio, once pricing is done and a risk management strategy is adopted. and are expensive to set up. For these reasons, dynamic hedging strategies are more popular among insurers. Here, a portfolio of liquid assets is set up so that, over a short period, its change in value will approximately match the change in value of the liabilities. The portfolio of assets is then rebalanced at a frequency that takes into account trading costs and effectiveness of the hedge.
In this paper, it is assumed that the insurer is able to implement a static hedge.
This allows us to compare the impact of the two multivariate processes used to model the rate of return of the basket of assets on the value of the portfolio. We can also study whether rebalancing the basket of assets held in the VA account or not affects the risk. Although using a dynamic hedging strategy is more realistic, we consider a static hedging program as a first step of our research which is not specifically focused on the kind of strategy chosen to hedge the portfolio. Dynamic hedging will be explored in future work.
In this paper we choose to focus on assessing the financial position at issue of an insurer selling a portfolio of VA products offering GMDB and GMMB guarantees. We measure the portfolio value at inception as the difference between the present values of the stochastic future inflows and outflows in a real world scenario.
Our main contribution consists of considering two multivariate VAR (1) processes to model the underlying and the interest rate and compare the portfolio values at inception.
Although variable annuities are written on more than one asset, in practice, single asset univariate stochastic investment models are mostly used for pricing and hedging purposes. This may lead to problems such as basis risk or a lack of flexibility with respect to asset allocations [6] . In light of these considerations, we compare a two-dimensional VAR (1) model, where the asset returns on each fund are combined in a single time series, to an (n + 1)-dimensional VAR (1) model where the asset returns on each fund are modelled separately. A special case of these models is proposed to better capture the mutual dependence of the variables involved.
Another issue for the insurer is the decision to rebalance or not the basket of assets constituting the fund itself. Rebalancing is the process of realigning the weightings of a portfolio of assets. It involves periodically buying and selling assets in a portfolio to maintain a specific asset allocation. In our work, we consider two different accumulation functions depending on whether the basket of assets is rebalanced or not. For sake of simplicity, no transaction costs are considered.
Finally, we assume that the VA writer offers to policyholders different premium allocations with different investment styles. These kind of Funds characterize some VA products sold in Europe (among others, the "Accumulator"
sold by AXA).
The different cases described above are evaluated in a simulation framework.
The results under static hedging are compared with those obtained when the The remainder of the paper is organized as follows. Section 2 introduces the product, Section 3 describes the VAR (1) models employed, Section 4 is devoted to the portfolio evaluation at inception. In Section 5, the results are presented and discussed. In Section 6, some concluding remarks are given.
The Contract
Let us consider a portfolio of VA contracts offering GMDB and GMMB guarantees issued to C independent lives aged x, each paying a unique premium P at issue.
The insurer invests the premiums, net of initial charges for general expenses, into several internal funds characterized by different investment styles.
Policyholders may choose in which funds to invest.
By virtue of the GMDB guarantee, if the insured dies in policy year t, the insurer pays a sum equal to the greater of the guaranteed amount or the fund value.
On the other hand, by virtue of the GMMB, at maturity T the insurer pays the greater of the guaranteed amount or the fund value, if the insured is still alive.
The benefits are paid monthly. A monthly management charge is deducted and the money gathered by the insurer through this charge is used to cover the guarantees and other expenses linked to the Fund such as fund management and taxes.
The obligations the insurer has to front for the GMDB at time t are valued
For the GMMB we have: According to the contractual design, the fund value used in (1) and (2) is:
and the guaranteed value is:
Here, t F is the fund value obtained by investing the net premiums
− into the chosen internal funds, c is the initial charge and P the single premium. 
(5) and (6) For the GMDB, the insurer's monthly payments are:
with [ ]
On the other hand for the GMMB we have:
The random liabilities evaluated at time zero are then given by:
,0
where
is a random discounting factor.
Modeling the Financial Variables: The Vector Autoregressive Model
We choose a multivariate framework modelling jointly all financial variables, namely asset returns and interest rates, by means of a Vector Autoregressive model of order one, VAR (1).
The VAR model is one of the most flexible and easy to use models for analyzing multivariate time series. It is a natural extension of the univariate autoregressive model to study multivariate time series. The VAR model has proven to be especially useful for describing the dynamic behaviour of economic and financial time series and for forecasting [7] .
An n-dimensional time series random variable s X is said to follow a VAR (1) model if A sufficient condition of stationarity is that all eigenvalues of Φ are less than 1 in absolute value.
When conditioning on the initial value 0 X , the mean of s X is
The covariance between s X and s k X − , where k is a non negative integer, k s < , also conditional on 0 X is:
We consider two models: a two-dimensional VAR (1) model for the composite rate of return of the n assets and the interest rate and a (n + 1)-dimensional VAR (1) for the rates of return and the interest rate.
Two-Dimensional VAR (1) Model
In this case we model the composite rate of return s δ of the n assets constituting each fund and the interest rate s r by means of a two-dimensional VAR (1) model.
Referring to (11) we can write:
The composite rate of return s δ can be computed in two ways, depending on whether the basket of assets is rebalanced or not. When rebalancing the basket of assets we have:
with no rebalancing, the composite rate of return is: 
(n + 1)-Dimensional VAR (1) Model
Here we consider a (n + 1)-dimensional VAR (1), modelling jointly the rates of return of the n assets in which the insurer invests ( i s δ with 1, 2, , i n ∈  ) and the discounting interest rate ( s r ).
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2) No rebalancing case:
are the percentages of capital invested by the insurer in each of the n assets.
In both cases, according to the values of i ω , we obtain different accumulation factors depending on the chosen investment style.
The discounting factor is given by: 
Hedging the Guarantee
Bearing in mind that the VA contracts embed equity put options, a crucial problem is to hedge these options. Hedging the put options means holding a hedge portfolio replicating the guarantee payoff. A possible solution is dynamic hedging which requires a continuous rebalancing of the hedge portfolio.
In this framework, we consider the case of static hedging; for example, the insurer buys equity puts on the market place.
The Cost of the Hedging Portfolio
In case of static hedging, the insurer buys a portfolio of put options, at time zero, to hedge the guarantee payoff. We know that, in this case, the option price may be too high because these options differ in nature and term from the typical over the counter options currently available. Moreover, the counter party risk may be a factor, given the long terms involved.
Static hedging is not always possible, neverthless this is a first step of our study. Future research will consider dynamic hedging, too.
We price the replicating portfolio by adapting the Black-Scholes results for the guarantees embedded in the VA contract like in [8] while considering the different assumptions we make about the financial variables.
The term to maturity of each option in the VA contract is random, depending on the remaining lifetime of the policyholders. For the GMDB guarantee it depends on the monthly death probabilities and for the GMMB it depends on the survival probability at the maturity of the contract.
Therefore, the expected cost of the hedge portfolio at time zero is: We assume that and T x p is the probability that a life aged x at issue is alive at time T.
PP E t BSP t E T BSP T
So we have that ( )
As aforementioned, we calculate the quantity 0 BSP in (27) by an adaptation of the standard Black-Scholes formula.
We need to modify the standard formula for the put options to reflect the fact that the underlying asset is not the stock price itself, but the fund value, and this differs from the stock price through the deduction of the management charges. 
where t S is the stock index.
Let 0 0 F S = , then the option price with maturity t is:
Using this approach, we replace 0 S by
Black-Scholes formula. Then the put option price is computed as follows:
where r is the risk-free (force) of interest, ( ) Φ • denotes the cumulative normal density function,
is the increasing strike price, m is the monthly charge and
σ is the estimated volatility of the asset return. If we model the financial variables by a two-dimensional VAR model, Modelling the assets by a ( )
σ is the weighted volatility of the n returns on assets, that is
Let us now consider the case in which the initial allocation does not change and the financial variables are modelled by a ( )
In this case, at time zero, the insurer buys a portfolio of basket options.
As it is well known, a basket option is an option on a basket of assets, typically stocks.
In this case, the Fund value in (28) can be modified as follows:
where i t S is the i-th stock index, i ω is the proportion of the fund invested in asset i. also known as the risk neutral probability density function. The SPD, in this case,
is not known and closed form solutions to the problem are not available. A common approach is to estimate the state density function by a lognormal functional form, using different matching techniques. One way is to compute the first two moments of the basket's payoff structure at maturity and then match them to those of the lognormal distribution.
Following [9] , we define the "pseudo-forward" time t of the basket: 
PP E t LNBSP t E T LNBSP T
= = ⋅ + ⋅ ∑(41)
The Portfolio Value at Inception
The portfolio value at time zero is given by the difference between the random inflows and outflows arising from the contract.
Let us now consider the inflows connected to the contract. 
Therefore, the portfolio value at inception is:
where the value of each quantity depends on the specific model and investment strategy, as previously explained.
We are interested in capturing the distribution of the potential future markets and mortality rates. To this aim we resort to a Monte Carlo simulation, assessing 0 VP across a real world scenario.
Illustrations
In this section we study an illustrative portfolio of VA contracts offering GMDB and GMMB guarantees (see Section 2) issued to 1000 independent lives aged 55
and paying a single premium P = 6000 at issue. The premium P, net of the initial charge (3% of P), is invested into the fund. The benefits are paid monthly and a monthly charge m = 0.0025 is deducted.
The guaranteed amount is obtained by accumulating the net premium at the guaranteed rate g. In our example we consider three different guarantee rates: 0.015, 0.02 and 0.025. We assume that the VA writer offers two asset allocations to the policyholders. The first one, called moderate, is characterized by a large proportion of assets invested in bonds. The second one, mixed, is characterized by equal proportions in bonds and stocks. These asset allocations characterize some funds available in VA products sold in Europe (among others the The discounting rate is modelled using the Italian "Rendistato" that is a weighted average yield on a basket of Italian government securities. For the mortality rates, we refer to a non parametric mortality table: IPS55
Estimation of the VAR Model Parameters
The parameter estimation results are obtained using the VAR package of the software R. All the parameters are estimated on a monthly basis.
Before estimating the parameters, we subtract the long term mean vector µ from the data. We consider the sample mean of each series as an estimator for the long term mean vector µ .
Let us first consider the case of the two-dimensional VAR (1) model described in Section 3.1. The long term mean of the discounting rate is 0.0028. Table 2 shows the long term mean of the composite rate of return on assets in each case:
"rebalancing" for allocation A and B (column 1) and "not rebalancing" for allocation A and B (column 2). Table 3 and Table 4 show the parameter estimation results for Allocation A.
We have a process that is stable since the eigenvalues of the Φ matrix are less than one. They are(0.9929, 0.0977) for the rebalancing case and (0.9929, 0.0957) Table 5 and Table 6 show the parameter estimation results for Allocation B.
We have a process that is stationary since the eigenvalues of the Φ matrix are less than one. In this case they are (0.9929, 0.1009) for the rebalancing case and (0.9929, 0.1139) in case of no rebalancing.
Let us now consider the ( ) (1) . The estimation results for the Φ matrix and the covariance matrix of the residuals are shown in Table 7 and Table 8 .
The process is stationary since the absolute values of the eigenvalues of the Φ matrix, which are 0.9919, 0.9513, 0.1005 and 0.09064, are less than one.
Nevertheless let us look at Table 7 . Each row shows the regression parameters of the equations describing the evolution in time of each variable.
Looking at the first and second rows, first of all we observe a strong autoregressive dependence of the two bond indexes, The third and fourth rows of Table 7 give the estimated parameters of stock Let us now focus on stock indexes. The two indexes show a weak autoregressive dependence: −0.038769 and 0.05082, respectively. In order to better capture their mutual dependence, we modelled the two indexes by a two-dimensional VAR (1) model. The estimated parameters are shown in Table 9 .
The autoregressive dependence of each index is still weak. Moreover the eigenvalues are low: 0.1322 and 0.06405.
Based on the aforementioned observations, we conclude that a VAR (1) is questionable when interested in describing the behavior of stock indexes.
We decide to model the stock indexes by a Geometric Brownian Motion model (GBM), the most widely used model for stock prices.
As it is well known, the stock indexes t S follows a GBM if:
where t W is a Brownian motion and μ and σ are positive constants.
This implies that the instantaneous rate of return t δ is a Brownian Motion: The solution we propose in order to include the GBM in the model, is a modified version of the four-dimensional VAR (1) model.
First of all, we estimate again the parameters of a two-dimensional VAR (1) model considering only the bond indexes, Eurobig and Rendistato.
The Φ matrix estimation results are given in Table 10 . Again the process is stationary because the eigenvalues of the Φ matrix are 0.992 and 0.9512.
Let us now come back to the four-dimensional VAR (1) model. We replace the estimated Φ matrix in Table 7 , with the * Φ matrix of Table 11 . The * Φ matrix is obtained by setting all the parameters connected to the Eurostoxx and the S & P equal to zero and by setting the other parameters equal to the ones given in Table 10 .
With reference to (11) the residuals matrix is obtained as follows:
where t X is given by (21). It is than possible to estimate the covariance matrix of the residuals * a Σ (see Table 11 ).
In order to compare the VAR (1) model and the proposed modified version, we ran 10,000 simulations for values of assuming that their evolution in time is described by the 'full'
four-dimensional VAR (1) model (Table 7 and Table 8 ) and by the modified version of the same model (Table 11 and Table 12 ). 
Some Results
In this section, we refer to the illustrative portfolio described in Section 5.1.
We are interested in the expected value and the conditional value at risk at a chosen confidence level of 95% of the portfolio at inception, for a static hedging strategy (Section 4.2). The software used for the following analysis is Matlab.
We resort to a Monte Carlo simulation, assessing the quantities of interest across a real-world scenario set for financial and mortality variables.
Here are the steps of the simulation procedure:
1) Randomly generate the monthly rates of return and the monthly discounting rates using the results of the estimated parameters;
2) Randomly generate the monthly death probabilities. For fractional ages a Uniform distribution of deaths assumption is made: for example the probability of dying in any month of a given year is the same. We then compare the results with the choice of no hedge, that is the case in which the insurer decides not to buy the hedge portfolio of put options. First of all we observe that in each case the cost is lower than the intitial charge paid by the insurers, that is C P c * * , that in our illustrative portfolio amounts to 180,000 euros.
As the guaranteed rate gets higher, the put options price increase and the cost of the entire portfolio increases, too.
In general, the cost of the hedging portfolio is higher for the rebalancing strategy than the no rebalancing one, as expected. Indeed, the estimated volatilities of the underlying are higher in the rebalancing case, for each considered option.
The same happens going from Allocation A to Allocation B. The second strategy is more risky because it is characterized by a higher proportion of assets invested in stocks and therefore a higher volatility. E VP is always lower if allocation B is chosen, but we never get negative values. This worsening is due to the aforementioned higher cost of the hedging portfolio (Table 13) .
Moving from the case of rebalancing the basket of assets to not rebalancing it, the results improve in each case. Referring to static hedging strategy, this is a consequence of the higher cost of the hedging portfolio (Table 13) high. This is due to the higher risk associated with this choice. Moreover, for both the no hedge and the static hedge cases, we observe a worsening in terms of conditional values at risk, when changing from allocation A to the more risky allocation B.
Concluding Remarks
This paper studies, from the insurer point of view, a VA product offering GMDB and GMMB guarantees. In particular, the financial position of an insurer issuing a homogeneous portfolio of VAs offering those guarantees, is assessed. To this aim, the expected value and the conditional value at risk of this portfolio are Both in static hedging and no hedging cases, the portfolio value depends on many factors and we investigate some of them. Regarding the choices offered to the policyholders, we look at two different asset allocations and, as expected, the portfolio value decreases as the asset allocation becomes more risky. We also consider two different accumulations functions depending on whether the basket of assets is rebalanced or not. The rebalancing case gives lower values of the portfolio.
Following the analysis perfomed in this paper, further work could be done.
This may include, for instance, the implementation of a dynamic hedging strategy and the use of stochastic mortality models.
